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Abstract
Quantum nonlocality of several four-qubit states is investigated by constructing a new Bell
inequality. These include the Greenberger-Zeilinger-Horne (GHZ) state, W state, cluster state, and
the state |χ〉 that has been recently proposed in [PRL, 96, 060502 (2006)]. The Bell inequality is
optimally violated by |χ〉 but not violated by the GHZ state. The cluster state also violates the Bell
inequality though not optimally. The state |χ〉 can thus be discriminated from the cluster state by
using the inequality. Different aspects of four-partite entanglement are also studied by considering
the usefulness of a family of four-qubit mixed states as resources for two-qubit teleportation. Our
results generalize those in [PRL, 72, 797 (1994)].
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I. INTRODUCTION
Since Schrodinger’s seminal paper in 1935 [1], entanglement is recognized as being at
the heart of quantum mechanics. It engenders correlations between quantum systems much
stronger than any classical correlation could be [2, 3]. Recently, entanglement has also been
recognized as an essential physical resource in quantum information processing [4]. The
power of entanglement in quantum communication can most convincingly be demonstrated
by teleportation. In their 1993 paper [5], Bennett et al. have shown that entanglement
shared between Alice and Bob can be used to teleport an unknown quantum state. Slightly
more than four years later, Bouwmeester et al. [6] reported the first experimental demon-
stration of quantum teleportation. In their experiment, they produced the necessary pairs
of entangled photons by the process of parametric down conversion. An important issue,
which determines the success of their experiment, is thus whether or not the produced state
is entangled. In many of the experiments in quantum information science, entanglement
witnesses are used for entanglement verification. A violation of a Bell inequality can for-
mally be expressed as a witness for entanglement [7], and hence a good candidate for that
purpose.
In addition to practical importance, quantum teleportation provides a useful theoretical
framework to study entanglement. For instance, Popescu [8] explored the different aspects
of entanglement by analyzing the “usefulness” of Werner (channel) states [9]
ρW = q|ΨBell〉〈ΨBell|+ 1− q
4
I4, (1)
as resources for single-qubit teleportation. Here, 0 ≤ q ≤ 1, |ΨBell〉 ≡ (|00〉+ |11〉)/
√
2, and
I4 is the four-dimensional identity. ρW can be useful resources for the standard teleportation
protocol S0 of Bennett et al. [5] when q > qcrit(S0) = 1/3 [10]. Clearly some of these states do
not violate the Clauser-Horne-Shimony-Holt (CHSH) inequality [3], since to do so demands
q > qcrit(Bell) = 1/
√
2 [11]. The critical visibility qcrit(Bell) measures the strength of Bell-
inequality violation [9]. It is the minimum amount q of a given entangled state |Ψ〉 that one
has to add to white noise, so that the resulting state violates local realism. The quantity
qcrit(Bell) is thus the threshold visibility above which the state cannot be described by local
realism.
Recently, Yeo and Chua [12] presented an explicit protocol E0 for faithfully teleporting
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an arbitrary two-qubit state via a genuine four-qubit entangled state,
|χ〉 = 1
2
√
2
(|0000〉 − |0011〉 − |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉+ |1111〉). (2)
This “maximally” entangled state belongs to the following family of states
|Υ00(θ12, φ12)〉 = 1√
2
(|ζ0(θ12, φ12)〉+ |ζ1(θ12, φ12)〉), (3)
with
|ζ0〉 ≡ 1√
2
(cos θ12|0000〉 − sin θ12|0011〉 − sin φ12|0101〉+ cosφ12|0110〉)
and
|ζ1〉 ≡ 1√
2
(cosφ12|1001〉+ sin φ12|1010〉+ sin θ12|1100〉+ cos θ12|1111〉).
Here, θ12 ≡ θ1 − θ2, φ12 ≡ φ1 − φ2, and 0 < θ1, θ2, φ1, φ2 < π/2. When θ12 = φ12 = π/4,
Eq.(3) reduces to Eq.(2). In Ref.[13], one of us considered teleportation with a mixed state
of four qubits and defined the generalized singlet fraction.
Multipartite entanglement, still under intensive research, is not a direct extension of the
bipartite case. For instance, four qubits can be entangled in at least nine different ways
[14, 15]. It is thus insufficient to just say if a given state is entangled, it is also necessary
for one to discriminate one entangled state from another. Two types of Bell inequalities
have been proposed for four qubits. The well-known one is the 4-qubit Mermin-Ardehali-
Belinskii-Klyshko (MABK) inequality [16, 17, 18]. It is optimally violated by the 4-qubit
GHZ state [19]. Recently, Scarani, Acin, Schenck, and Aspelmeyer [20] proposed another
Bell inequality for four qubits. Here, we call it the SASA inequality. It is not violated by the
GHZ state, but optimally violated by the cluster state [21]. Therefore, the SASA inequality
allows one to discriminate between GHZ and cluster states.
In anticipation of a future experimental implementation of the above teleportation pro-
tocol we derive, in this paper, a new four-qubit Bell inequality that is optimally violated by
the state |χ〉. This, together with results obtained in Ref.[13], also enables us to carry out
a study of the different aspects of multipartite entanglement, similar to that performed by
Popescu [8]. Our results show that nonlocality is more fragile to teleport than entanglement,
and also generalize Popescu’s results. That is, there are “local” four-qubit states, which are
nevertheless useful resources for E0.
Our paper is organized as follows. In Section II, we study the quantum nonlocality of
|χ〉 using the four-qubit MABK and SASA inequalities. We show that |χ〉 violates both
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inequalities. However, the degrees of violation are 4
√
2 and 2
√
2 respectively, which are not
optimal. In Section III, we first describe the formulation of our new Bell inequality. Next, we
show that it is optimally violated by |χ〉. This is followed by an analysis of the nonlocality
of four-qubit GHZ, W [22] and cluster states using our Bell inequality. It is found that the
new Bell inequality is a good candidate for testing quantum nonlocality of the state |χ〉
experimentally. In Section IV, we explore different aspects of four-partite entanglement by
analyzing the “usefulness” of the state ξ [Eq.(26)] as a resource for two-qubit teleportation.
Lastly, quantum nonlocality of the state |Υ00(θ12, φ12)〉 is also investigated in Section V. We
summarize our results in the last Section VI.
II. PREVIOUS BELL INEQUALITIES
The first Bell inequality for four qubits was derived by Mermin [16], Ardehali [17], Belin-
skii and Klyshko [18]. Consider four observers: Alice (A), Bob (B), Charlie (C) and Diana
(D), each having one of the qubits. The formulation of the MABK inequality is based on the
assumption that every observer is allowed to choose between two dichotomic observables.
Denote the outcome of observer X ’s measurement by Xi (X = A,B,C,D), with i = 1, 2.
Under the assumption of local realism, each outcome can either take value +1 or −1. In a
specific run of the experiment, the correlations between the measurement outcomes of all
four observers can be represented by the product AiBjCkDl, where i, j, k, l = 1, 2. In a local
realistic theory, the correlation function of the measurements performed by all four observers
is the average of AiBjCkDl over many runs of the experiment:
Q(AiBjCkDl) = 〈AiBjCkDl〉. (4)
The MABK inequality reads [16, 17, 18]
Q1111 −Q1112 −Q1121 −Q1211 −Q2111
− Q1122 −Q1212 −Q2112 −Q1221 −Q2121 −Q2211
+ Q2222 +Q2221 +Q2212 +Q2122 +Q1222 ≤ 4, (5)
where Qijkl is short for Q(AiBjCkDl).
In a quantum mechanical description, each observer X measures the spin of each qubit by
projecting it either along nˆX1 or nˆ
X
2 . Every observer can independently choose between two
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arbitrary directions. For the four-qubit state |χ〉, the correlation functions are thus given by
Q(AiBjCkDl) = 〈χ|nˆAi · ~σ ⊗ nˆBj · ~σ ⊗ nˆCk · ~σ ⊗ nˆDl · ~σ|χ〉. (6)
That is, the correlation functions are the expectation values of the joint two-outcome mea-
surements on |χ〉. Here, ~σ = σxxˆ + σy yˆ + σz zˆ; and σx, σy, and σz are the Pauli matrices.
Under the experimental settings: nˆA1 = xˆ, nˆ
A
2 = zˆ; nˆ
B
1 = yˆ, nˆ
B
2 = zˆ; nˆ
C
1 = yˆ, nˆ
C
2 = zˆ; and
nˆD1 = (zˆ − xˆ)/
√
2, nˆD2 = (xˆ + zˆ)/
√
2; we obtain the quantum prediction for the left hand
side of the MABK inequality to be 4
√
2. Hence, |χ〉 violates the MABK inequality. We note
that cluster states yield the same violation of the MABK inequality [20].
Next, we analyze the nonlocal property of |χ〉 using the four-qubit SASA inequality
proposed in Ref.[20], which can be cast in the following simple form,
Q(A2B1C1D1) +Q(A1C1D2) +Q(A1C2D1)−Q(A2B1C2D2) ≤ 2, (7)
whereQ(AiCkDl) is the correlation function of the measurements when Bob does not perform
any measurement on his qubit. It is noteworthy that there is only one local setting for one
of the four observers (Bob) in the formulation of the SASA inequality. This is in contrast to
most Bell inequalities, which are constructed based on the assumption of two local settings
for each observer (see, for instance, Refs.[16, 17, 18, 20, 23, 24, 25]). Quantum mechanically,
Q(AiCkDl) = 〈χ|nˆAi · ~σ ⊗ 1B ⊗ nˆCk · ~σ ⊗ nˆDl · ~σ|χ〉. (8)
By appropriately choosing the following experimental settings: nˆA1 = xˆ, nˆ
A
2 = zˆ; nˆ
B
1 = zˆ;
nˆC1 = (xˆ + zˆ)/
√
2, nˆC2 = (xˆ − zˆ)/
√
2; and nˆD1 = zˆ, nˆ
D
2 = zˆ; we determine the quantum
prediction for the left hand side of the inequality (7) to be 1/
√
2+1/
√
2+1/
√
2−(−1/√2) =
2
√
2, which is greater than 2.
The conflict between local realism and quantum mechanics is therefore obvious, but |χ〉
does not optimally violate both the MABK and SASA inequalities. In the next section, we
will formulate a new four-qubit Bell inequality that is maximally violated by |χ〉.
III. THE OPTIMAL BELL INEQUALITY
In contrast to the SASA inequality, now we suppose that Alice (instead of Bob) is only
allowed to choose a single dichotomic observable parameterized by nˆA1 . The other observers
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continue to choose independently between two arbitrary dichotomic observables parame-
terized by nˆX1 and nˆ
X
2 , with X = B,C,D. Consequently, we need only to consider the
correlation functions
Q(A1, Bj, Ck, Dl) = 〈A1BjCkDl〉, (9)
and
Q(Bj , Ck, Dl) = 〈BjCkDl〉. (10)
The following identity holds for the predetermined results:
A1B1C1D1 +B1C2D2 +B2C1D2 − A1B2C2D1 = ±2. (11)
Equation (11) can be proved by direct enumeration of all the possible values that Xi can
take. We rewrite the left hand side as follows: A1D1(B1C1−B2C2)+(B1C2+B2C1)D2. Since
Xi = ±1, we know that A1D1 = ±1 and D2 = ±1. For the other two terms B1C1 − B2C2
and B1C2 +B2C1, it can be calculated that
B1C1 − B2C2 = 0 and B2C1 +B1C2 = ±2
or
B1C1 − B2C2 = ±2 and B2C1 +B1C2 = 0.
So, A1B1C1D1 + B1C2D2 + B2C1D2 − A1B2C2D1 is either +2 or −2. After averaging over
many runs of the experiment, one can use the correlation functions defined in Eqs.(9) and
(10) to express the left hand side of the identity, and obtain the following Bell inequality
Q(A1B1C1D1) +Q(B1C2D2) +Q(B2C1D2)−Q(A1B2C2D1) ≤ 2. (12)
We note that through cyclic permutation of the four observers, A→ B → C → D → A, we
can derive from (12) the following inequality
Q(A1B1C1D1) +Q(A2C1D2) +Q(A2C2D1)−Q(A1B1C2D2) ≤ 2, (13)
which is equivalent to the SASA inequality (7). However, we must emphasize that since the
entangled state |χ〉 and the cluster state are not invariant under all possible permutations of
the qubits, interchanging Alice and Bob does give rise to observable difference. In fact, as we
shall see below, |χ〉 and the cluster state do yield different violations of the two inequalities.
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Now, we will use the inequality (12) to test the quantum nonlocality of |χ〉. Quantum
mechanically, we have
Q(A1BjCkDl) = 〈χ|~nA1 · ~σ ⊗ ~nBj · ~σ ⊗ ~nCk · ~σ ⊗ ~nDl · ~σ|χ〉,
Q(BjCkDl) = 〈χ|1A ⊗ ~nBj · ~σ ⊗ ~nCk · ~σ ⊗ ~nDl · ~σ|χ〉. (14)
We observe that |χ〉 satisfies
σAx σ
B
z σ
C
z σ
D
x |χ〉 = |χ〉,
σAx σ
B
x 1
CσDz |χ〉 = |χ〉,
1AσBx σ
C
x 1
D|χ〉 = |χ〉. (15)
By multiplying the above three equations using the algebra of Pauli matrices, we obtain
1AσBy σ
C
z σ
D
y |χ〉 = |χ〉,
σAx σ
B
y σ
C
y σ
D
x |χ〉 = −|χ〉,
1AσBz σ
C
y σ
D
y |χ〉 = |χ〉. (16)
From the above six equations, we choose four terms and combine them as follows,
(σAx σ
B
z σ
C
z σ
D
x + 1
AσBy σ
C
z σ
D
y + 1
AσBz σ
C
y σ
D
y − σAx σBy σCy σDx )|χ〉 = 4|χ〉. (17)
Therefore, with the following suitably chosen measurement settings:
~nA1 = ~x;
~nB1 = ~z, ~n
B
2 = ~y;
~nC1 = ~z, ~n
C
2 = ~y;
~nD1 = ~x, ~n
D
2 = ~y; (18)
the left hand side of the inequality (12) is 4. We construct a Bell quantity from the inequality
(12)
Bχ
(12) = 〈χ|(σ
A
x σ
B
z σ
C
z σ
D
x + 1
AσBy σ
C
z σ
D
y + 1
AσBz σ
C
y σ
D
y − σAx σBy σCy σDx )|χ〉 = 4. (19)
The correlation functions Q(A1BjCkDl) and Q(BjCkDl) can take value either +1 or −1
under both local realistic theory and quantum mechanical theory. Thus, the maximum
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value of the combination |Q(A1B1C1D1) + Q(B2C1D2) + Q(B1C2D2) − Q(A1B2C2D1)| is
4. The above quantum prediction value of 4 is thus the optimal violation of the inequality
(12). There is no other state that can give a higher violation.
We close this section with a few remarks. First, the four-qubit GHZ state |ΨGHZ〉 =
(|0000〉 + |1111〉)/√2 does not violate the inequality (12). The correlation functions of
spin-component measurements on the GHZ state are calculated as follows,
QGHZ(A1BjCkDl) = 〈ΨGHZ|~nA1 · ~σ ⊗ ~nBj · ~σ ⊗ ~nCk · ~σ ⊗ ~nDl · ~σ|ΨGHZ〉 (20)
and
QGHZ(BjCkDl) = 〈ΨGHZ|1A ⊗ ~nBj · ~σ ⊗ ~nCk · ~σ ⊗ ~nDl · ~σ|ΨGHZ〉 = 0. (21)
Since QGHZ(A1BjCkDl) can only be ±1, it is clear that the Bell quantity BGHZ(12) =
QGHZ(A1B1C1D1) − QGHZ(A1B2C2D1) is never greater than 2, which means that the
inequality (12) is not violated by the GHZ state. Next, for the four-qubit W state
|ΨW〉 = (|1000〉 + |0100〉 + |0010〉 + |0001〉)/2, it is found numerically that the maximal
violation of the inequality (12) is 2.618 for some appropriate experimental settings. We
note that both GHZ and W states give rise to the same violation of our inequality (12) and
the SASA inequality, since these states are symmetric under all possible permutations of
the qubits. So, in these cases, interchanging Alice and Bob does not affect their maximal
violation. However, this is nontrivial for the four-qubit cluster state [20]
|φ〉 = 1
2
(|+〉|0〉|+〉|0〉+ |+〉|0〉|−〉|1〉+ |−〉|1〉|−〉|0〉+ |−〉|1〉|+〉|1〉), (22)
where |±〉 ≡ (|0〉±|1〉)/√2. |φ〉 is not equivalent to |χ〉 under stochastic local operations and
classical communications (SLOCC) [15]. By substituting the following correlation functions
Qcluster(A1BjCkDl) = 〈φ|~nA1 · ~σ ⊗ ~nBj · ~σ ⊗ ~nCk · ~σ ⊗ ~nDl · ~σ|φ〉,
Qcluster(BjCkDl) = 〈φ|1A ⊗ ~nBj · ~σ ⊗ ~nCk · ~σ ⊗ ~nDl · ~σ|φ〉 (23)
into the left hand side of the inequality (12), we can find the maximal value Bcluster
(12) = 2
√
2
predicted by quantum mechanics, for the measurement settings ~nA1 = ~x; ~n
B
1 = ~z, ~n
B
2 = ~z;
~nC1 =
1√
2
(~x+ ~z), ~nC2 =
1√
2
(~x− ~z); and ~nD1 = ~x, ~nD2 = ~z. This clearly demonstrates that the
inequality (12) is not optimally violated by the cluster state. The entangled state |χ〉, being
a resource for realizing the teleportation protocol E0, can thus be discriminated from |φ〉,
the GHZ and W states using our inequality (12).
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Last but not least, we note that through cyclic permutations of the four observers, A→
B → C → D → A, we can further obtain two other seemingly different inequalities. Namely,
Q(A1B1C1D1) +Q(A2B2D1) +Q(A1B2D2)−Q(A2B1C1D2) ≤ 2, (24)
and
Q(A1B1C1D1) +Q(A1B2C2) +Q(A2B1C2)−Q(A2B2C1D1) ≤ 2. (25)
However, inequalities (12) and (24) are really of the same kind in the sense that they are
optimally violated by |χ〉, but |φ〉 only yields maximal violation 2√2 for both. Similarly,
inequalities (13) and (25) are of the same type, since |φ〉 gives optimal violation and |χ〉
yields 2
√
2 for both. The inequalities (12) and (24) are optimal for the state |χ〉, in the
same sense that the inequalities (13) and (25) are optimal for the cluster state |φ〉.
IV. BELL INEQUALITIES VERSUS TELEPORTATION
Now, we consider the following four-qubit mixed state, which generalizes the two-qubit
Werner state, Eq.(1), studied by Popescu in Ref.[8].
Ξ(α, β) = q|Υ00(α, β)〉〈Υ00(α, β)|+ 1− q
16
I16, (26)
where 0 ≤ q ≤ 1 and I16 is the sixteen-dimensional identity. The generalized singlet fraction
is given by [13]
G[Ξ] ≡ max〈Υ00(θ12, φ12)|Ξ(α, β)|Υ00(θ12, φ12)〉
= max
θ12,φ12
1− q
16
+
q
4
[cos(θ12 − α) + cos(φ12 − β)]2
=
1 + 15q
16
, (27)
when θ12 = α and φ12 = β. Clearly, G[Ξ] ≤ 1/2 and Ξ does not yield two-qubit teleportation
fidelity better than classical protocol when q ≤ qcrit(E0) = 7/15. When α = β = π/4, we
have ξ = q|χ〉〈χ| + (1 − q)/16 I16 and critical visibility qcrit(Bell) = 1/2 [26]. Hence, there
exists qcrit(E0) < q < qcrit(Bell) such that ξ is a useful resource for two-qubit teleportation
but nevertheless “local”.
In order to gain more insight, we consider input states |Ψin〉 = cos ǫ|00〉 + sin ǫ|11〉 with
0 ≤ ǫ ≤ π/2. The negativity [27] of the teleported (output) state ρout is given by
N [ρout] = max{0, −1
2
(1− q) + q sin 2ǫ}, (28)
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which is zero whenever q < qIcrit ≡ 1/(1 + 2 sin 2ǫ). An equally straightforward calculation
yields qIIcrit ≡ 1/
√
1 + sin2 2ǫ, such that for q ≤ qIIcrit, the output states do not violate the
CHSH inequality [11]. Clearly, qIIcrit > q
I
crit for all 0 < ǫ ≤ π/2. This is consistent with the fact
that entangled states are not necessarily nonlocal. Furthermore, we have qIIcrit > qcrit(Bell) >
qcrit(E0); namely, for an output state to remain nonlocal demands that ξ be nonlocal and
“nonclassical”. More specifically, we pick ǫ = π/12, then qIcrit = 1/2 and q
II
crit ≈ 0.894427.
This implies there are 1/2 < q < 0.894427 such that the output state is entangled but local.
It also means that even when we have nonclassical teleportation fidelity, the entanglement
of two-qubit states with entanglement smaller than some critical amount may become zero
in E0. These states are being teleported to separable states with average fidelities that are
nevertheless not achievable by “classical” means. Entanglement is fragile to teleport and
nonlocality is even more so.
V. QUANTUM NONLOCALITY OF |Υ00(θ12, φ12)〉
In this section, we study the quantum nonlocal property of the state |Υ00(θ12, φ12)〉 using
our inequality (12). The violation of local realism naturally depends on θ12 and φ12. In Fig.
1, we plot the quantum prediction for the Bell quantity constructed from the inequality (12)
for the state |Υ00(θ12, φ12)〉 versus θ12 and φ12. It is shown that the quantum violation varies
periodically with θ12 and ϕ12. For a fixed θ12 (or φ12), the quantum violation increases with
φ12 (or θ12) from −π/2 to −π/4, decreases from −π/4 to 0, and then increases again till π/4
after which it decreases again.
When θ12, φ12 ∈ {±π/2}, the state |Υ00(θ12, φ12)〉 does not violate the inequality (12).
In each of these cases, |Υ00(θ12, φ12)〉 reduces to a tensor product of two Bell states, which
though is an entangled state is not a genuine four-qubit entangled state [15]. This means
that our Bell inequality is not very strong in detecting this kind of entanglement.
The maximum violation 4 is obtained when θ12 = φ12 = ±π/4, or θ12 = −φ12 = ±π/4.
|Υ00(π/4, π/4)〉 = |χ〉 and |Υ00(−π/4,−π/4)〉 is local unitarily equivalent to |χ〉. For the
other two cases, we have
|Υ00(π/4,−π/4)〉 = 1
2
√
2
(|0000〉−|0011〉+|0101〉+|0110〉+|1001〉−|1010〉+|1100〉+|1111〉),
(29)
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FIG. 1: Numerical results of violation of the inequality (12) by the states |Υ00(θ12, φ12)〉.
and
|Υ00(−π/4, π/4)〉 = 1
2
√
2
(|0000〉+|0011〉−|0101〉+|0110〉+|1001〉+|1010〉−|1100〉+|1111〉),
(30)
which are clearly local unitarily equivalent to each other, and are SLOCC equivalent to the
state |χ〉 [15]. They are equally good resources for two-qubit teleportation via E0, and our
inequality (12) is efficient at detecting them.
VI. CONCLUSIONS
In conclusion, we have derived a new four-qubit Bell inequality (12). Using our inequality,
we study the nonlocal quantum properties of several four-qubit states, such as the GHZ and
W states, the cluster state |φ〉, and the state |χ〉 [Eq.(2)]. It is shown that, while it is not
violated by the four-qubit GHZ state, |χ〉 yields optimal violation of the inequality. We
show that our inequality is violated by |φ〉, though not optimally. It can thus be used to
detect the state |χ〉 experimentally. In particular, it can be used to discriminate between |χ〉
and |φ〉. This has application in ascertaining if a source is emitting the necessary four-qubit
entangled states |χ〉 for two-qubit teleportation using E0. We consider the violation degree, as
measured by the critical visibility, of our inequality by |χ〉 and |φ〉; and explore the different
aspects of four-partite entanglement by considering the usefulness of the state ξ [Eq.(26)] as
resource for two-qubit teleportation. We show that there are four-qubit mixed states that are
local but yet are useful resource for two-qubit teleportation, and thus generalize the results
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obtained in Ref.[8]. The quantum nonlocality of a general genuine four-qubit entangled
state |Υ00(θ12, φ12)〉, which includes the state |χ〉 as a special case, is also investigated using
the inequality (12). It is shown that the quantum violation varies periodically with θ12 and
ϕ12. We hope that our results would throw more light on the very interesting subject of
multipartite entanglement.
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